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Abstract

Refinement types is a lightweight yet expressive tool for
specifying and reasoning about programs. The connection
between refinement types and Hoare logic has long been
recognised but the discussion remains largely informal. In
this paper, we present a Hoare-triple style Agda formalisa-
tion of a refinement type system on a small calculus. In our
formalisation, we use shallow Agda terms as the denotation
for the object language and also use Agda as the underlying
logic for the type refinement. To deterministically typecheck
a program with refinement types, we reduce it to the compu-
tation of the weakest precondition and define a verification
condition generator which aggregates all the proof obliga-
tions that need to be fulfilled to witness the well-typedness
of the program.

Keywords: Refinement types, Hoare Logic, Agda

1 Introduction

Refinement types is a lightweight yet expressive tool for
specifying and reasoning about programs. The programmers
annotate their programs with types, which can include pred-
icates to further restrict the inhabitants of that type. For
instance, {v : N | » > 0} is a type for all positive natural
numbers. We typically call the type being refined, namely
N here, the base type, and the logical formula the refinement
predicate.

Refinement types are complicated in several ways. Typi-
cally, a refinement type system supports dependent functions,
which is similar to those in a dependent type system [17]. De-
pendent functions allow the refinement predicate to refer to
the value of the function’s argument. Such term-dependency
also results in the typing contexts being telescopic, meaning
that a type in the context can refer to variables in earlier
entries of that context.

Another complication in refinement type systems is solv-
ing the logical entailment which determines the subtyping
relation between two types. Usually, some tactics based on
syntactic or semantic rewriting will be involved to carefully
transform the entailment into a certain form, to facilitate the
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SMT-solver to automatically discharge the proof obligations.
For the SMT-solving to be decidable, language designers typ-
ically need to restrict the logic of the refinement predicates.
For instance, in Liquid Haskell [33], the quantifier-free logic
of equality, uninterpreted functions and linear arithmetic
(QF-EUFLIA) is used.

Due to these complications, the development on refine-
ment types remains largely informal! (with the exception
of the work by Lehmann and Tanter [15], to the best of our
knowledge), and ad hoc to some degrees. For instance, the
typing rules of each variant of a refinement type system can
be subtly different, whereas the underlying reasons for the
difference are not always systematically analysed and clearly
attributed.

Refinement types and Hoare logic have some deep con-
nections, which has long been recognised. For example, the
work by Jhala and Vazou [11] makes references to Hoare
logic throughout their development. It summarises the rela-
tionship between the two systems as:

The development [...] shows that refinement
types can be viewed as a generalization of Floyd-
Hoare style program logics. Such logics typi-
cally have monolithic assertions that describe
the entire state of the machine at a given pro-
gram point. Types allow us to decompose those
assertions into more fine-grained refinements
on the values of individual terms. Similarly,
pre- and post-conditions correspond directly
to input- and output-types for functions.

In a blog post [10], Jhala further explains why Liquid Types
are different (and in some aspects, superior to) Hoare logic,
with the punchline “types decompose quantified assertions
into quantifier-free refinements”. With a refinement type
system, in which logical formulas can be put in type posi-
tions, it eliminates the use of universal quantifiers in them,
rendering the verification conditions more decidable in SMT
solvers. It also, due to parametricity of types, provides a way
of relating different objects.

The formal connections between refinement types and
Hoare logic deserve more systematic studies. In this paper,
we present a unifying paradigm — a Hoare-triple style formal-
isation of a refinement type system on a small purely func-
tional language based on A-calculus. Formalising refinement
types in the Hoare logic style not only allows us to study the
connections between these two systems, it also makes the

!Informal in the sense of lacking machine-checked formalisations.

56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
77
78
79
80
81
82
83
84
85
86
87
88
89
90
91
92
93
94
95
96
97
98
99
100
101
102
103
104
105
106

108
109
110


https://doi.org/XXXXXXX.XXXXXXX
https://doi.org/XXXXXXX.XXXXXXX

111
112
113
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128
129
130
131
132
133
134
135
136
137
138
139
140
141
142
143
144
145
146
147
148
149
150
151
152
153
154
155
156
157
158
159
160
161
162
163
164
165

TyDe’22, 11 September, 2022, Ljubljana, Slovenia

formalisation easier by avoiding the aforementioned compli-
cations in refinement type systems. The formalisation is done
in Agda [21, 22], a dependently typed theorem prover. In our
formalisation, we use shallow Agda terms as the denotation
for the object language and also use Agda’s type system as
the underlying logic for the type refinement.

In a nutshell, we formulate the typing rules of the refine-
ment type system as I'{¢} F e : T{p}. When reading it as a
regular typing rule, the typing context is split into two parts:
T is a list of term variables associated to base types, and ¢
contains all the refinement predicates about these variables
in the context. e is the expression being typechecked, and
T and 9 form the refinement type that e is checked against.
On the other hand, if we read the rule as a Hoare-triple, e is
the program and ¢ and ¢ are the pre- and post-conditions of
the “execution” of e.

When we make the analogy between refinement type
systems and Hoare logic, another analogy naturally arises.
The typechecking of a refinement type system has some
connection with the weakest precondition in Hoare logic.
In fact, the idea of using weakest precondition for refine-
ment typechecking is not new. Knowles and Flanagan [12]
has proposed as future work to propagate information back-
wards, calculating the weakest precondition as an avenue
to refinement type reconstruction. In this paper, we explore
how to use backwards reasoning for typechecking, with our
machine-checked formalisation in Agda.

Specifically, this paper makes the following technical con-
tributions:

« We formalise a refinement type system (Section 3 and
Section 4) a la Hoare logic, and prove meta-properties
of the static semantics of the language (Section 5).

+ We define a naive weakest precondition function wp
in lieu of a typechecking algorithm and prove meta-
properties about it (Section 6).

« We refine the formalisation above and present a vari-
ant of the refinement type system which preserves the
contracts imposed by functions (i.e. A-abstractions),
which requires a more sophisticated weakest precon-
dition function pre and a verification condition gener-
ator vc. We prove the soundness and completeness of
pre and vc with respect to the typing rules (Section 7).

All the formalisation is developed in and checked by Agda
(version 2.6.2.1), and the semantics of the object language
is interpreted as Agda terms. In fact, the main body of this
paper is generated from a literate Agda file, which contains
all the formal development. The source file of this paper can
be obtained at https://github.com/zilinc/ref-hoare.

2 The Key Idea

Typically, a refinement type can be encoded as a 2-type in
a dependently typed host language. For example, in Agda’s
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standard library?, a refinement type is defined as a record
of a value, and an irrelevant proof of a property P over the
value:

record Refinement” {a p} (A : Seta) (P: A-Setp)
: Set (a U p) where
constructor ,
field value : A
proof : Irrelevant (P value)

One tedium in defining and working with such an encod-
ing is that the object language also features term-dependent
types. Encoding a dependently-typed language in another
dependently-typed language often involves using inductive-
recursive techniques [8]. The dependent object language
features telescopic contexts in the typing rules. As such, it
poses extra challenges in manipulating the contexts, and in
performing type inference in general, as the dependency in-
duces specific topological orders in solving type constraints.

Realising the connection between refinement types and
Hoare logic can be a rescue. When assigning a refinement
type to a function (we assume that all functions only take
one argument), the refinement predicate on the argument
asserts the properties of the input, and the predicate on the
result type needs to be satisfied by the output. This mim-
ics the structure of a Hoare-triple, in a way that the former
corresponds to the precondition and the latter to the post-
condition. A slightly less obvious correlation is that, in a
typing judgement T - e : 7, the refinement predicates in
the typing context I' correlate to the precondition, and the
refinement predicate in 7 corresponds to the postcondition
of “executing” the expression e.

With that observation, in a typing judgement x; : 7 F
e : {v:B| ;)P for refinement types, we can pull out
the refinement predicates in 7, forming a precondition over
the binders in the context, which is analogous to the pre-
condition on the program state in Hoare logic for impera-
tive languages. We aggregate all the refinement predicates
and take their conjunction, which is a predicate of type
¢ : base(r;) — Set, where base is a function that extracts
the base type of a refinement type, and Set is the type of
propositions. Similarly, i can be deemed as the postcondition
after e has been executed. In a purely functional language, it
amounts to a predicate over the value of e and the variables
X; in the context.

The Hoare-triple view of refinement types has many ben-
efits. Firstly, it separates the typechecking of the base types
and the that of the refinement predicates, which is a common
practice in refinement typed languages (e.g. [12, 29, 30]). In
our system, the “type system” is simply-typed, whose type

20ur Agda development uses the following commit of agda-stdlib: https:
//github.com/agda/agda-stdlib/blob/95270b78d/src/Data/Refinement.agda
3We use an overhead arrow to denote an ordered vector, and an
overhead line for an unordered list.
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inference is well-established. With the base types out of the
way, it allows us to focus on the refinements. Secondly, the
separation of types and predicates means that there is no
longer any term-dependency in types, and there is no tele-
scopic contexts any more. It makes the formalisation and the
reasoning of the system drastically simpler. In the predicates
¢ and ¥ above, the variables x; no longer need to maintain
any particular order.

In our formalisation, we factor out the automation of
a decidable type inference algorithm with an SMT-solver,
which is often desirable in refinement typed languages. In
the small calculus that we study, we require all functions
(A-abstractions) to be annotated with types and they are the
only places that type annotations are needed. We only per-
form typechecking, without elaborating the entire syntax
tree. To deterministically typecheck a program with refine-
ment types, we reduce it to the computation of the weakest
precondition and define a verification condition generator
which aggregates all the proof obligations that need to be
fulfilled to witness the well-typedness of the program. The
proof of the verification conditions are left to the users, who
serve as an oracle for solving all logic puzzles.

3 The Base Language 1°

Our journey starts with a simply-typed base language 1B
without any refinement. The A5 language is based on the
A-calculus, but without recursion or higher-order functions.
The syntax of the AP is shown in Figure 1. It has ground types
of unit (1), bool (2) and natural numbers (N), and product
types. These types are called base types, meaning that they
are the types that can be refined. Namely, they can appear
in the base type position B in a typical refinement type {v:
B | ¢}. The term language is very standard, consisting of
variables (x), constants of the ground types, pairs, the first
and second projections (7; and 7,), function applications
(denoted by juxtaposition), if-conditionals, non-recursive
local let-bindings, and some arithmetic operations.

The syntax of the term language is largely canonical with
one peculiarity, which is how functions are defined. For rea-
sons that we will see later when we come to the formalisation
of refinement types, we define function types and function
terms (A-abstractions) as their own syntactic groups. The
main purpose is that we can later define inductive rules and
functions on types and expressions in a syntactic manner. As
we will see later, the Agda formalisation of the language is
interpreted in a tagless manner [1]. This syntactic distinction
injects a little bit of taggedness to it, allowing us to dispatch
depending on the syntax of the objects more easily. Concep-
tually, this distinction is not always relevant, especially in
the pen-and-paper formalisation. Therefore whenever possi-
ble, we only define a single inductive definition or function
on paper, and it maps to two definitions or functions in the
Agda formalisation.

TyDe’22, 11 September, 2022, Ljubljana, Slovenia

B,S, T
func. types E]

T/2|N|SXT
S—T

base types

expressions e x| ()] true | false
ze|sue
(ee)|melmelfe
if c then e; else ¢,

letx =¢; ine,

etele—ele <e
functions f = Ax.e

contexts T s= - |I,x:S

Figure 1. Syntax of the language 18

Since its typing rule is very standard, we directly show
how we encode it in Agda and use it as a tutorial on how we
construct the language in Agda. We use an encoding directly
derived from McBride’s Kipling language [18], which allows
us to index the syntax of the object language with its type
in Agda. It effectively lets Agda to perform typechecking
up to simple types as we construct the syntax of the term
language.

We first introduce some auxiliaries before diving into the
Agda definition of A5. For more details of the general set up,
we recommend readers to consult McBride [18]’s work.

McBride [18] uses inductive-recursive definitions [8] for
the dependent types in his object language, which is a pretty
standard technique used in embedding dependently type
languages(e.g. [3, 4]). In our base language (and also later
with refinement types), however, since term-dependency in
types has been eliminated, the inductive-recursive definition
of the universe a la Tarski and its interpretation is not needed.
Nevertheless, we choose to use the vocabulary from that lines
of work since the formalisation is heavily inspired by them.

We define a universe U of deep base types, and an inter-
pretation function &[_Jlr, which maps the syntax to Agda
types. We do not include a code for function types; they will
be handled by the typing rules separately.

[ It:U-Set
data U : Set where ['1 Jt=T
‘1727 N U [ "2” Jt=Bool
‘x’ 1 U-U-U [ 'N" Jt=N

[S'x Tlt=[STItx[TIrt

Following the work on semantic typing [19, 34], we define
what it means for a denotational value to possess a type.

Definition 3.1. A denotational value v possesses a type T,
written E v : T, if v is a member of the semantic domain
corresponding to the type T.

Next, we define the typing context for the simply-typed
language 1B, and the denotation of the context in terms of
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a nested tuple of Agda values. The denotation of the typing
context gives us a semantic environment y, mapping variables
to denotational values in Agda. The semantic environment
y obtained from the denotation function respects the typing
context in the sense that for all x € dom(T), & y(x) : T(x).

The typing context and its denotation function &[[_J|c, are
defined in Agda as follows:

data Cx :
‘E” o Cx
» 1 Cx-U-Cx

Set where [ JC: Cx-Set
[E IC=T
[r>SsIC=[ricx[sit
The context is nameless and uses de Bruijn indices for
context operations, with the rightmost (also outermost) ele-
ment bound most closely. Unlike Kipling [18], the direction
to which the context grows is largely irrelevant, since the
context is not telescopic. We define the syntax for context
lookup and its interpretation in Agda:

data 3 : ([ : Cx)(T : U) - Set where
top : V{Ir}{T7}->I»T3T
pop : V{r}{ST}y->ra3T-I»S3T

[ 13 :V{rH{Ty->r3T-(y:0r1C)-0TIt
[topl>(_,t)=t
[popila(y,_ )=01il3y

We introduce a few combinators that are helpful in simpli-
fying the presentation. ¥ and * are the K and S combinators
from the SKI calculus and " and * are synonyms for the
currying and uncurrying functions respectively.

The syntax of the language is defined in Agda as follows:

data F_ (I :Cx) : U-Set
data - — ([ : Cx) : U->U-Set

data + [ where
VAR :V{T}->T3T-lFT

UNIT: 7+ 1
T :rk2
FF Ik 2
ZE RN

SU I FN =Tk N
IF :V{T}=l+ 2 = FT [ FTol kT
LET :V{ST}~>FSol»SkT-+T
PRD :V{ST}~>I kSl FT~ k(S 'x T)
FST :V{ST}=lFS 'x' T=lFS

SND :V{ST}-l kS 'x TolkT

APP :V{ST}o>l+S—Tol+S-FT
ADD : [k N ok N =k N

MINUS : N = F N’ > - N’

LT :l kN > F N =l 2

data - — [ where
FUN:V{ST}>T»SHT->T+-S—T

Zilin Chen

We index the type of the deep terms with the typing con-
text and the type of the term. Therefore the terms respect
the typing rules by construction. The syntax for the term
language (and also its typing rules) is very standard. We
only mention that in a function application APP, only func-
tion expressions can be applied to an argument. FUN has the
same type as a normal first-class A-abstraction does. It can
be constructed under any context T, and it supports closures.

In our language, arithmetic operations are defined as prim-
itive language constructs. We deviate from McBride [18]’s
generic recursion principle REC for natural numbers, as it
is very cumbersome to define other language constructs in
terms of REC, and also because our types in the object lan-
guage are not dependent. We discuss the implications of
adding general recursion to the refinement typed language
at the end of the paper.

As a simple example, if we want to define a top-level
function

fo:N—>N
fo=Ax.x+1

it can be done in Agda as

fo i V{[}>TF N — N’
fo = FUN (ADD ONE (VAR top))

where ONE is defined to be SU ZE. Note that the function’s
type is parametric in the context T

The interpretation of the terms langauge is entirely stan-
dard, mapping object language terms to values of their cor-
responding Agda types. On paper, we write &[[_]1, for the
denotation function, which takes a deep term and a semantic
environment and returns the Agda denotation.

[ IF:V{rH{T}>T T[T IC-1TIt
[ I i V{rH{ST}>T+S—T-[IJC-[SIt-[TIt

[VARx =[x 13

[ UNIT I-=X tt

[ TT =% true

[ FF JF=* false

[ZEF=+0

[SUelr=*sucs[elr

[ IFce:iez = (if then else o[ cr) s[ezl-s[ez]r
[LETezezF="[ezFs[e:]r
[PRDezez [F=<[[ez: ]+, [ez]F>

[ FSTe JF=proj1 o[ e ]~

[ SNDe JF=projz o[ e ]~
[APPfelr=[fI- [elr

[ADDe:ez k=K + s[e:i]rslez]r

[ MINUSez ez k=% - s[e:]r=[ez]r
[LTerez k=% <Pt s[ezlrs[ez]r

[FUNeI-F"="Telr
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ref. types T x== {v:B|¢}

func. types 5 x:Tt—T (dep. functions)

expressions ¢ = L (same as A5)
| é:t (upcast)

functions f == Ax.é

ref. contexts I = T;¢

predicates b, 89 == (a logic of choice)

I wf
FV(¢) € dom(r)Ctx—Wf
T;¢ wf
T+ {v:B| ¥} wf]
FV() € dom(T) U {v}
T+ {v:B|y}wf

RefType-Wf

Figure 2. Syntax for the language A%

The denotation of the above fo function under any seman-
tic environment y is:

[folF:V{r}{y : 07 JC}>N-N
[folF{y=v}=1 fo ]]}—*y

Evaluating this term in Agda results in a A-term: A x - suc x,
independent of the environment y.

4 Refinement Typed Language A%

Adding refinement predicates to the A2 typing judgement
results in the typing judgement for the refinement typed
language AR. We first present the syntax of the language in
Figure 2, in addition to Figure 1.* The upcast operator for
non-function expressions is used to make any subtyping
explicitly in the typing tree.

Apart from the way we organise function arrows in re-
finement types as mentioned above, another difference is
how typing contexts are defined. Instead of a vector of x; : 5
entries, we separate the predicates and the base types. The
context therefore becomes T; ¢, where I == x; : base(r;) and
¢ is the conjunction of the predicates gathered from z;s. These
two formulations are informally equivalent. Typically, in a
typing context of the form ¥; : 7, where each 1; is a refine-
ment type, additional (path sensitive) constraints can be
added to the context in I' - e : 7 by introducing a fresh vari-
able of an arbitrary base type, such asy : {v: 1] ¢}, where
y is not free in e and v is not free in ¢. In our formulation,
this is made even easier; additional conjuncts can be added
to predicate ¢ directly.

We define predicates as a shallow function in Agda, from
a vector of variables that are in the domain of a semantic
environment to the Agda Set. We also define a substitution
function in Agda which allows us to substitute the top-most
variable in a predicate by an expression.

-- substitution

4As a remark on the notation, when we talk about the dependent function
types in our language, we use a slightly longer function arrow — as a
reminder that it is not a first-class type constructor. The typesetting is only
subtly different from the normal function arrow — and in fact its semantics
is similar to the normal function arrow. So in reading and understanding
the rules, they can be considered identical.

Figure 3. Well-formedness rules for contexts and types

[ 1s:V{r}H{T}r->(p:0r»TIC->Set)>(e:lFT)
- ([ I IC - Set)
plels="¢=[elr

In Figure 3, we show the well-formedness rules for the
refinement contexts and for the refinement types. They are
checked by Agda’s type system and are therefore implicit
in the Agda formalisation. The typing rules can be found
in Figure 4. Most of the typing rules are straightforward
and work in a similar manner to their counterparts in a
more traditional formalisation of refinement types. We only
elaborate on a few of them.

Variables. The VARR rule infers the most precise type,

the singleton type, for variable x. In many other calculi (e.g.

[11, 13, 27]), a selfification rule is used for variables:

(x:{v:B|¢heT
F'tkx:{w:B|dAv=x}

Self

We choose not to include the ¢ in the inferred type of x, as
such information can be recovered from the context T via
the subtyping rule SUBR.

Constants. For value constants ((), true, false, ze) and
function constants (+, —, <, (_,_), 7y, 75, su), we always infer
the exact types for the results. As with the VARR rule, we
do not keep the refinement predicates in the premises in the
refinement type in the conclusion. Again, no information is
lost during this process, as they can be recovered later from
the context when needed. In practice, a minor drawback is
that, some of the proofs will need to be reconstructed. But
luckily, most of the time we can simply assign intermediate
expressions (i.e. those in the premises in the rules) trivial
refinement types.

Let-bindings. In the LETR rule, ¢, as usual, is the predicate
over the context T. £ is a predicate on the entries in the
context I and the let-binder x. The former can be inferred by
the fact that ¢ appears in T; ¢, and the latter by & being the
refinement predicate of e;. What is worth noting is that we
have to explicitly state that {v : T | ¢} is wellformed under
the context I' instead of the extended T, x : S. This way we
ensure that ¢ does not mention the locally bound variable x
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(x:T)erT
Giprrx:{v:T|v=x}

VARR

- UNITR
FFrO:{vitlv=0}

b € {true, false}
Ikrb:{w:2|v=>b}

TTR/FFR

- ZER
I'krze: {v:N|v=0}

I'hreé:{v:N|y}
[Fgrsué:
Tipbgeé:{v:i2]|P}
ipACERE v T |9} F;¢A—|6I—Ré2:{v:T|1,b}IFR
I;¢ptriféthené elseé, : {v:T |}
Dipbgé 1 {x:S|& TrHP:T|y}wf
Lx:S;paébgpéy t {viT |}
Liprtrletx=¢iné, : (v:T| ¢}
Phreé i (v:Si)  Thrpé:{viT |}
[ hg(,6) : v:SXT|v=(8,8)}

UR
{v:N|v=sucé}

LETR

PRDR

f‘l_Rf? : {V:T1XT2|¢} le{]"z}FSTR/SNDR
Prrmeé:{v:T|v=mé
Dipbrfix:(w:S|E—:T|} x & Dom(T)
Tiobgré: {V:Slg} APPR

Tipbgfé:{v:T|yle/x]}
. I'Fré i viN| ¥}
Phré: viN|p,) ® € {+,—,<}
e e (v:N|v=6@6,)
ipbgré:{v:S|y} Lx:S;oFEp=>79

ADDR/MINUSR/LTR

SUBR
Tiprréi:{v:S|yY'}
Tipbgé:{v:S|p} FI=¢’=>¢WEAKR
;¢ Fré:{v:S|y}
‘f‘kf N x:Tl_)Tz‘
Ox:S;EFeé:{w:T|¢} R

ok Axe: x:{(v:S|E—: Ty}

Figure 4. Static semantics of AR

and leaks the implementation details of e; into the resulting
type.

Function applications. The typing rule for function ap-
plication is pretty standard. In the work of Knowles and
Flanagan [13], a compositional version of this rule is used
instead. To summarise the key idea, consider the following
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rule. A typical function application rule (including ours) has
the following form:

TEf:(x:g)—>1n F'ke:q
Tk fe: nle/x]

'gqCq

(1)

In the resulting type, the term e is substituted for x. This
would get around the type abstraction on e, exposing the
implementation details of the argument to the resulting re-
finement type 5,[e/x], and also rendering the type 7,[e/x]
arbitrarily large due to the presence of e. To rectify this prob-
lem, Knowles and Flanagan [13] propose the result type to
be existential: 3x : 7. 7,. Which application rule to include
largely depends on the language design, and appears to be
orthogonal to the focus of this paper. We use the traditional
one here and the compositional one later in this paper as a
comparison.

Jhala and Vazou [11] sticks to the regular function appli-
cation rule, but with some extra restrictions. They require
the function argument to be in A-normal form (ANF) [31],
i.e. the argument being a variable instead of an arbitrary
expression. This reduces the load on the SMT-solver and
helps them remain decidable in the refinement logic. We do
not need the ANF restriction in our system for decidability,
and the argument term will always be fully reduced in Agda
while conducting the meta-theoretic proofs.

Subtyping and weakening. Key to a refinement type
system is the subtyping relation between types. Typically,
the subtyping judgement looks like:

ILx:SE¢=>¢
dnd —Sub
FE{p:S|¢C{v:S|¢}
r~s,cs, TLx:SFTCT
rFx:Squlgx:Sz—)Tz

Sub-Fun

The subtyping rules are (at least partly) syntactic. In our
language, since we do not yet support higher-order func-
tions, the subtyping rule for functions is not needed. It can
be achieved by promoting the argument and promoting the
result of a function application. The syntactic distinction in
our formalisation allows us to define subtyping exclusively
for non-function typed expressions. If we included function
types in the group of base types, and allowed refinement
predicates over function spaces, the syntax would be quite
a bit simpler than it is now. However it would then require
a full semantic subtyping relation that also works on the
function space. This has been shown to be possible, for ex-
ample interpreting the types in a set-theoretic fashion as in
Castagna and Frisch [2]’s work. It is however far from trivial
to encode a set theory that can be used for the interpretation
of functions in Agda’s type system (e.g. [14] is an attempt to
define Zermelo-Fraenkel set theory ZF in Agda).

In our system, we directly define the subtyping-style rules
(SUBR, WEAKR) in terms of logical entailments: ¢ £ 3 =
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P = Vy x.¢ y AP (y,x) = ¢ (y,x). This is made possible
because the predicates are separate from the types in our
formalisation.

The subtyping rule (SUBR) and the weakening rule (WEAKR)
roughly correspond to the left- and right- consequence rules
of Hoare logic respectively. All the subtyping in our system
is explicit. For instance, unlike rule (1) above, in order to
apply a function, we have to explicitly promote the argu-
ment with a SUBR node, if its type is not already matching
the argument type expected by the function. As a notational
convenience, in the typing rules we write I' - ¢ :: 7 to mean
['F ¢é:: 7 : 7, as the inferred type is always identical to the
one that is promoted to.

Comparing the SUBR rule with the right-consequence rule
in Hoare logic, which reads

{PysfQ  Q-0qQ
{P}s{Q’}

we can notice that in the SUBR rule, the implication says
¢ E ¢ = ¢'. In Cons-R, on the contrary, the precondition
P is not involved in the implication. The is because of the
nature of the underlying language. In an imperative language
to which the Hoare logic is applied, P and Q are predicates
on the program states, which typically include mappings
from variables to values. A variable assignment statement or
reference update operation will change the state. Therefore
after the execution of statement s, the predicate P is no longer
true and all the relevant information are stored in Q. In our
purely functional language A%, ¢ is a predicate on the typing
context I. The typing judgement does not invalidate the
predicate ¢. Moreover, in practice, the user of a refinement
type system will only state predicates of the term being typed,
without including information about other variables that are
not directly relevant. Therefore it is technically possible not
to require ¢ in the implication, but it renders the system
really unwieldy to use in practice.

As for the weakening rule, contrary to the more canonical
structural weakening rule [15]:

Cons-R

FO, L, I,Gke:T
Fl,FZ,F3|—eiT

our weakening rule only changes the predicates in the con-
text; it does not touch the simply-typed portion of the con-
text and does not allow for adding new binders to the con-
text. It compares favourably to those with a more syntactic
refinement-typing context. When the context is defined as
x; : {v:B;| ¢;}, if the weakening lemma is to be defined in
a general enough manner to allow weakening to happen
arbitrarily in the middle of the context, some tactics will
be required to syntactically rearrange the context to make
the weakening rule applicable. Our weakening rule is purely
semantic and therefore does not require syntactic rewriting
before it can be applied.
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Functions. The FUNR rule can construct a A-abstraction
under any context I' and closure is supported. The function
body ¢ is typed under the extended context T, x : S, but the
predicate part does not include ¢. This does not cause any
problems because £ is itself a predicate over the context and
the function argument, and also if more information about
the context needs to be drawn, it can be done via the SUBR
rule at a later stage.

* * *

The pen-and-paper formalisation above is not very formal
in every aspect. One discrepancy is that, when we type the
term é; + é,, the resulting predicate is v = é; + é,. What has
been implicit in the rules is the reflection of program objects
into the logical system.

In our formal development, the underlying logical sys-
tem is Agda’s type system, therefore we want to reflect the
refinement-typed term language into the Agda land. We do
it as a two-step process: we first map the refinement-typed
language to the simply-typed language by erasure, and then
reflect the simply-typed program terms into logic using the
already-defined interpretation function [_ [+, with which we
interpret the object language as Agda terms.

Definition 4.1 (Erasure). The erasure function™_7R removes
all refinement type information from an refinement-typed
term (also, typing tree) and returns a corresponding simply-
typed term (also, typing tree).

Essentially, the erasure function removes the refinement
predicates, and any explicit upcast from the typing tree.

Now we can define the deep syntax of the A® language
along with its typing rules in Agda. When an expression
e in the object language has an Agda type mr { ¢ }- T { ¢
} , it means that under context I' which satisfies the pre-
condition ¢, the expression e can be assigned a refinement
type {v: T | (X, v)}, where x; are the entries in the context
T. For functions, we have adatatype I { ¢ }+ S { § }—
T { ¢ } which keeps track of the predicates on the context
I, on the argument and on the result respectively. The data
type and the erasure function ™_® are inductive-recursively
defined.

The context weakening rule WEAKR in Figure 4 is in fact
admissible in our system, therefore it is not included as a
primitive construct in the formal definition of the language.

Lemma 4.2 (Weakening is admissible). For any typing tree
;¢ é: 1, if¢’ = ¢ under the semantic environement y
that respects T, then there exists a typing tree with the stronger
contextT;¢', such thatT;¢' & : T and e =r¢' R,

Proof. By induction on é. ]

Continuing on the previously defined fo function, if we
want to lift it to a function definition in AR, we will need to
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insert some explicit upcast nodes:
R w:N|v<2) > v:N|v <4}
fR=x.(x+1::{v:N|v <4}
In Agda, it is defined as follows:
fol : "B {* TN { (_<2) e projz }—
‘N {(_<4)-°projz}
foR = FUNR (SUBR (ADDR (VARR top) ONER)
~A(_,5) ts<2t=ss+l-
s<2=t=s+1=s+1<4 s<2 t=s+1)

The upcast node SUBR needs to be accompanied by an
evidence (i.e. an Agda proof object) to justify the semantic
entailment x <2Fv=x+1=>v<4.

To demonstrate the function application of foR, we define
the following expression:

ext : (v:N|v <5}
exf=fRA:{w:N|v<2)::{v:N|v<5}
The inner upcast is for promoting the argument 1, which is
inferred the exact type {v: N | v = 1}, to match the contract
laid out by the function f{’s type signature. The outer upcast
is to promote from the designated f;*’s result type {v : N |
v<4lto{v:N|v <5}
In Agda, two proof terms need to be constructed for the

upcast nodes in order to show that the argument and the
result of the application are both type correct:

exoR : "E" { T} 'N" { (_<5)0projz}
exo” = SUBR (APPR {y = (_ <4) o proj:}
f@R
(SUBRONER A
s=1-5<2 s=1))
A t<4 - t<d=t<5 t<4

s=1 -

5 Meta-Properties of 1R

Instead of proving the textbook type soundness theorems
(progress and preservation) [9, 34] that rest upon subject
reduction, we instead get for free the type soundness theorem
a la Milner [19] that is based on denotational semantics.

Theorem 5.1 (Semantic soundness). IfT + e : T and the
semantic environment y respects the typing environment T,
then = &lellry : T.

The shallow denotation of the simply-typed term language
automatically guarantees that the Agda denotation of a term
possesses the type to which the type system of 1B assigns the
term. The theorem above, however, does not state the type
soundness property of refinement types. Next we introduce
the formalisation of the refinement soundness theorem. We
use the notation ¢ F 9 for the semantic entailment relation
in the underlying logic, which, in our case, is Agda’s type
system.
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Definition 5.2. A semantic environment y satisfies a predi-
cate ¢, if FV(¢) C dom(y) and @ E ¢ y. We write ¢ y to mean
@[y (x;)/x;] for all free variables x; in ¢.

We can give meanings to refinement types in the following
way:

Definition 5.3. A value v posesses a refinement type {v :
T |y}, writtenEv : {v:T |y}, if Ev: Tand @ E p[v/v].

With this interpretation of refinment types, we can pro-
ceed with the (semantic) type soundness theorem with re-
spect to refinement types:

Theorem 5.4 (Refinement soundness). IfT;¢Fé: {v:T|
¥}, then ¢ v E Y[E[7eR] 1my/v], where y respects the typing
context T and satisfies ¢.

The converse of this theorem is also true. It states the
completeness of our refinement type system with respect to
the semantic interpretation.

Theorem 5.5 (Refinement completeness). If for all expres-
sion e, such thatT e : T and for all semantic context y that
respects I' and satisfies ¢, ¢ v = P[&E el ,y/v] is true, then
there must exists é and T;¢p - é : {v: T | ¢}, such that™é"R = e.

The proofs of Theorem 5.4 and Theorem 5.5 are both easy
inductions on the typing tree. Note that for the completeness
theorem, since we only need to construct one such refine-
ment typed expression (or, equivalently, typing tree), the
proof is not unique, in light of the SUBR and WEAKR rules.

With the refinement soundness and completeness theo-
rems, we can deduce a few direct but useful corollaries:

Corollary 5.6. Refinement soundness holds for closed terms.
Proof. Instantiate T with @ in Theorem 5.4. ]

Corollary 5.7. For refinement typing judgements, the predi-
cate ¢ on the context is an invariant, namely, T;¢p Fpé : {v:
T | Av. ¢}

Proof. By Theorem 5.5. O

Corollary 5.8 (Consistency). It is impossible to assign a void
refinement type to an expressionT;¢ bg é 1 {v: T | Av. L}, if
@ & ¢ y for any semantic environment y that respectsT.

Proof. By Theorem 5.4. O

6 Typechecking ¥ by Weakest Precondition

A naive typechecking algorithm can be given to the AR lan-
guage, in terms of the weakest precondition predicate trans-
former [6]. In an imperative language, when a variable x
gets assigned, the Hoare triple is {Q[e/x]} x := e {Q}, which
means that the precondition can be acquired by simply sub-
stituting the variable x in the postcondition Q by the expres-
sion to which the variable is assigned. This precondition is
in fact also the weakest precondition. In our formulation
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'{¢} I e : T{Av.}}, the postcondition ¥ is a predicate over
the result of the expression e and the context, with v binding
the value of e. In a purely functional setting, since nothing
changes before and after the typing of e, anything true of e
must have been true in the context. Therefore if we substitute
e for v in 9, it becomes a predicate over the binders in the
typing context, of which e is composed.

Definition 6.1. For any expression I' - e : T in the lan-
guage A8, if the postcondition over e is 1v., then the weakest
precondition is defined as wp ¥ e = P[e/v].

The completeness and soundness of the wp function with
respect to the typing rules of AR are direct corollaries of the
refinement soundness and completeness theorems (Theo-
rem 5.4 and Theorem 5.5) respectively.

Theorem 6.2 (Completeness of wp w.r.t. AR typing). IfT;¢ Fz
é:{v:T |}, thendy= wpip Te™Ry for any semantic envi-
ronment y that respectsT.

Theorem 6.3 (Soundness of wp w.r.t. A® typing). For an
expressionT b= e : T in AP and a predicate i there must exists a
type derivation T;wp i e g é : {v: T | ¢} such that "¢ "R = e.

The wp function checks that, when a type signature is
given to an expression, it can infer the weakest precondition
for it to be typeable. Writing in natural deduction style, the
algorithmic typing rule looks like:

Lipbe:{v:T|y}

Contrary to regular algorithmic typing rules (e.g. in bidi-
rectional typing [7]), where the context and the expression
are typically inputs, and the type is either input or output
depending on whether it performs type checking or synthe-
sise, in our formulation, the expression and the type are the
inputs and (the predicate part of) the context is the output.

The wp function only checks that if an expression is ty-
peable by inferring a weakest context, but it does not elab-
orate the typing tree, annotating each sub-expression with
a type, nor does it automatically construct the proof terms.
Despite the limitation, this method can still be applied to
program verification tasks in which the exact typing tree
does not need to be constructed, or when the construction of
the proof terms do not need to be automatic. For instance, we
intent to augment the CoGENT language [24, 25, 28], a purely
functional language for easing the formal verification of sys-
tems code, with refinement types. In COGENT’s verification
framework, a fully elaborated typing tree is not necessary,
and the functional correctness of a system is manually spec-
ified and proved in Isabelle/HOL. Since proof engineers are
already engaged, we do not have to rely on an SMT-solver
to fully construct the proof objects.
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7 Function Contracts With A€

As we have seen in the last few sections, such a backwards
typechecking algorithm is very easy to define and works
uniformly on all terms. The language AR, however, has a
very unfortunate drawback - it does not respect the type
signatures given to functions. For example, the wp algorithm
does not check the argument to a function has the right type,
nor does it check that a function’s definition satisfies its
type signature. After all, the type signatures are erased in
the program that wp operates on, and syntax tree is lost
as the object language expressions get reflected into the
logic as shallow Agda terms. As a concrete illustration, when
we apply wp to the ex} program above, it only returns a
verification condition 2 < 5 for the whole program, whereas
no check on the argument or on the function f;,’s definition
is being conducted.

wp-exe @
wp-exo =wp (( <5) o projz) exe -- 2 <5

To rectify the problem, we define a variant of the language
A€, which is compositional in the sense that the function
contracts are respected.’ It is worth mentioning that the
language is not yet compositional in the sense of [13], as the
weakest precondition computation still draws information
from the implementation of expressions, which we will see
later in this section.

7.1 The A€ language

The syntax of A€ is the same as A%, and its typing rules are very
similar to those of AR as well. We only makes two changes
in the typing rules for A°:

T;pbcéy i {x:S]|¢&} TH{v:T|y}wf
Lx:SipAx=éFcé: {v:T|y}

TC
Tipbcletx=¢iné, : {v: T | ¢}
F’¢|_Cf‘\x{v5|§}—){vT|1‘b} ngom(F)
F;(ﬁ"cé:{v:slg} APPC

Tipbefé:w:T|3Ix: E[x/v]ah}

As suggested by Knowles and Flanagan [13]’s work, the
result of a function application can be made existential for
retaining the abstraction over the function’s argument. This
idea is implemented as the rule APPC. The choice of using this
favour of function application is purely incidental - offering
a contrast to the other variant used in AR. In practice, we
believe both rules have their place in a system. The existential
version is significantly limited in the conclusions that it
can lead to, and renders some basic functions useless. For
instance, we define an inc function as follows:

5The superscript C in A€ means “contract”.

937
938
939
940
941
942
943
944
945
946
947
948
949
950
951
952
953
954
955
956
957
958
959
960
961
962
963
964
965
966
967
968
969
970
971
972
973
974
975
976
977
978
979
980
981
982
983
984
985
986
987
988
989
990



991

992

993

994

995

996

997

998

999

1000
1001
1002
1003
1004
1005
1006
1007
1008
1009
1010
1011
1012
1013
1014
1015
1016
1017
1018
1019
1020
1021
1022
1023
1024
1025
1026
1027
1028
1029
1030
1031
1032
1033
1034
1035
1036
1037
1038
1039
1040
1041
1042
1043
1044
1045

TyDe’22, 11 September, 2022, Ljubljana, Slovenia

inc: (x:N)->{y:N|v=x+1}
inc = Ax. su x

The function’s output is already giving the exact type of
the result. With the APPC rule, we cannot deduce that inc 0 is
1, which is intuitively very obvious. In fact, if the input type
of inc is kept unrefined, then we can hardly draw any con-
clusion about the result of this function. This behaviour can
be problematic when users define, say, arithmetic operations
as functions.

The LETC rule differs from LETR in a way that the precon-
dition of the expression e, is ¢ in conjunction with the exact
refinement x = é; for the new binder x instead of the arbi-
trary postcondition & of e;. This turns out to be important in
making the typechecking algorithm deterministic — no guess
work is needed for £. The LETC will work equally well in the
AR language, but the typing rules (or, program logic) for A€
need to be more carefully chosen, as the implementation of
functions are abstracted away from the reasoning process.

Since the definition of the A€ in the Agda formalisation is
indexed by the typing rules, when the typing rules change,
the deep syntax of the language has to be defined again.
We also define the erasure function ™ 7€ on A€ similar to
the ™_R function presented before. The A€ is interpreted the
same way as A%, by taking the Agda denotation of the erased
terms.

7.2 Annotated untyped language 14

To perform refinement typechecking on A€, we define a vari-
ant of a base language 14, which is identical to the simply-
typed base language AB, except that the functions are asso-
ciated with type annotations for its input and output types.
We denote function expressions in A4 as f :: (x : &) = ¥,
instead of an untyped bare f.

In order to interpret the annotated language 14, follow-
ing our tradition we define an erasure function "_ to the
base language 1B, so that the Agda denotation of 14 can be
obtained by using A8 as an intermediary. To establish the
connection between A€ and A4, another partial erasure func-
tion ™_7B is defined, to take a A€ term to the corresponding
A4 term.° It preserves the function’s type annotation in AS,
so that we know that when a A4 term is typed, the functions
are typed as prescribed. With the three erasure functions,
we prove that they form a commuting diagram:

Lemma 7.1. For all expression é in AC, T7¢1874 = re1C,

Proof. By induction on é. ]

7.3 Typechecking 14

In order to typecheck A4, which is a language that is already
well-typed with respect to simple types, and all functions

The superscript B in ™_78 is because, B is in between A ("_)and C ("_7°).
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are annotated with refinement types, we want to have a
similar deterministic procedure as we did in Section 6. Un-
fortunately, in the presence of the function boundaries, the
weakest precondition computation cannot be done simply
by substituting in the expressions.

We borrow the ideas from computing weakest precon-
ditions for imperative languages with loops. Specifically,
we follow the development found in Nipkow and Klein [20,
§12.4]’s book. In standard Hoare logic, it is widely known
that the loop-invariant for a WHILE-loop cannot be com-
puted using the weakest precondition function wp [6], as the
function is recursive and may not terminate. In Nipkow and
Klein [20]’s work, for Isabelle/HOL to deterministically gen-
erate the verification condition for a Hoare triple, it requires
the users to provide annotations for loop-invariants. It then
divides the standard wp function into two functions: pre and
vc. The former computes the weakest precondition nearly as
wp, except that in the case of a WHILE-loop, it returns the
annotated invariant immediately. The latter then checks that
the provided invariants indeed make sense. Intuitively, for
a WHILE-loop, it checks that the invariant I together with
the loop condition implies the precondition of the loop body,
which needs to preserve I afterwards, and that I together with
the negation of the loop-condition implies the postcondition.
In all other cases, the vc function simply recurses down the
sub-statements and aggregates verification conditions.

Although there is no recursion — the functional counter-
parts to loops of an imperative language - in our language,
the situation with functions is somewhat similar to WHILE-
loops. We also cannot compute the weakest precondition
according to the expressions, but have to rely on user an-
notations, for a different reason. We can also divide the wp
computation into pre and vc. pre immediately returns the
pre-condition of a function, which is the refinement predi-
cate on the argument type of the function. vc additionally
checks that the provided function signatures make sense.
In particular, we need to check that in a function applica-
tion: (1) the function’s actual argument is of a supertype to
the prescribed input type; (2) the function’s prescribed out-
put type implies the postcondition of the function inferred
from the program context. Additionally, vc needs to recurse
down the syntax tree and gather verification conditions from
sub-expressions, and, in particular, descent into function def-
initions to check that they meet the given type signatures.
The definitions of the pre and the vc functions are shown
below:’

PV{THTHw s [ 7> TIC-Set) » (e : MHAT)
- ([ IC-Set)

pre” i V{IHS THEHYI ~THAS{E}y—> T {y}
> ([ »S]JC-Set)

pre

’n is the intersection of predicates defined in Agda’s standard library as:
PNQ=Ay>PyxQy.
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prey (SUAe) =pre (“T)eny [~ SUre A ]s
prey (IFA ce:ez)
=pre (*T)c
n (if then else o [T c ™ r) spreye: spreye:
prey (LETA es ez)
=pre (*T) e:
n" (pre (A ((y,
pre y (PRDA e: ez)

)L t)swly, t))ez)s[mer Ak

=pre (“T)einpre (T)ezny [ "PRDAerez " ]s
prey (FSTAe) =pre (T)eny [ " FST e "A 1s

pre y (SNDA e) =pre (xT)eny [ " SNDA e A |s
pre _ (APPA {E=E}{y=y} fe)=prefe

pre y (ADDA e: ez)
=pre(“T)einpre (T)ezny [ ADDA er ez " ]s
pre y (MINUS™ e: ez)
=pre(“T)einpre (xT)ezny [ " MINUSA ez ez A ]s
pre y (LTA e1 ez)
=pre(“T)einpre (*T)ezny [ LTherez " ]s
preye=y[ e ™]s-- It's just subst for the rest

pre” {E=EHy=y} (FUN* e) =Enpreye

ve V{rH{7}r-> ([ JC->Set) > (I »T]JC-Set)
~ AT 5 Set

ve s V{IHS THEHw} » (I 7 1C - Set)
STHFAS{E}— T {uw}-Set

veoy (VARA x) =T
vC oy UNITA =T

vepyTTA=T
vepyFFA=T
vepyZEA =T

veouy (SUhe)=vcp (KT) e
ve oy (IFA cerez)
=vcop (*T)c
xve (Ay-¢yx["c ™ Iry=true) ye:
xve (Ay-¢yx["c ™ Iry=false) ye:
vc oy (LETA e1 ez)
=vcp (*T)e:
xve (AN(y,s)-¢yxs=["e:s "MIry)
Ay, ), t)>yply, t))e:
ve oy (PRDA ez ez) =vc g (KT) ez xvcg (K T) ez
vc oy (FSTAe)=vc g (T) e
vc¢w(SNDAe)=vc¢(kT)e
ve{lr} ¢y’ (APPA{S=SHT =THE=EHy=y} fe)
=vc ¢ f -- def.
xvcp&e-- arg.
x (V(y : [ 1O (s [STT)(t 0T 1I7)
py-&(y,s)-y(ly,s),t)-y’
-- res.
vC ¢y (ADDA e ez) =vc o (KT) erxveo (KT) ez

(v, t))
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vc¢w(MINUSAe1 ez)=vcp (FT)erxvcp (KT) ez
VC¢([/(LTA61€2)=VC¢(kT)eleC¢(kT) e:

veT {r =rHS=SHT =T} ¢ (FUN* {§ =EHy =y} e)
=(Vy:[rIO(s:[SIt)-9y-&(y,s)
~preye(y,s))
xve(A(y,s)=¢yxEly,s))ye
Unlike the development in the book of Nipkow and Klein
[20], in our language A4, the definition of pre deviates from
wp by quite a long way. For example, the typing rule for su

looks like:
T;pbc:é:{v:N|&}

Tipbc:sué:{v:N|v=sucé}

Su¢

Intuitively, when we run the wp backwards on su é with post-
condition 1, it results in [suc é/v]. The inferred refinement
& of é in the premise is arbitrary and appears to be irrelevant
to the computation of the weakest precondition of the whole
rule. Therefore we can set £ to be the trivial refinement (true)
and there is nothing to be assumed about the context to refine
é. This is however not the case in the presence of function
contracts. In general, a trivial postcondition does not entail a
trivial precondition: pre ¢ (XT) é # (¥T). For instance, if ¢ is
a function application, we also need to compute the weakest
precondition for the argument to satisfy the contract.

Our vc function also differs slightly from its counterpart
in the imperative setting: it additionally takes the precondi-
tion as an argument. This is because in a purely functional
language, we do not carry over all the information in the
precondition to the postcondition, as the precondition is an
invariant (recall that in the subtyping rule SUBR, the entail-
ment is ¢ E 3 = P').

If we repeat the earlier example of f; and ex, in A4, the
pre function this time indeed checks the type of the function
argument, and the vc generates proof obligations about the
correctness of the f,’s definition and the result of the entire
function application:

Fol t W{I} > HA N { ((<2) oproj2}— ‘N { (_<4) o proj:

fo = FUNA (ADDA (VAR® top) ONEA)

exo™ t V{I} - A N’
exo™ = APPA o/ ONEA
pre-exo =pre {I = "E'} ((_<5) oprojz) exe® -- 1 <2
ve-exo =vc {="E'} (*T) ((_<5) o projz) exe”
{-s<2-5s+1<4n --> func definition
s<2->t<4-t<5 -->app result -}

7.4 Meta-properties of the typechecking algorithm
We first prove (by induction on e) monotonicity of the pre
and vc functions.

Lemma 7.2. For an annotated expressionT 4 e : T in A4, if
a predicate ¥, implies ¥,, then pre ¥, e implies pre P, e.
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Lemma 7.3. Foran annotated expressionT -4 e : Tin4, ifa
predicate ¢, implies 1, and under the stronger precondition ¢,,
postcondition ¥, implies p,, then vc ¢, P, e implies vc ¢, P, e.

With the monotonicity lemmas, we can finally prove the
soundness and completeness of pre and vc with respect to
the typing rules of A°.

Theorem 7.4 (Completeness of pre and vc w.r.t. A€ typing
rules). IfT;p e é: {v:T |9}, thenvcpp "¢ B andpy =
pre yp Té18 y for any semantic environment y that respects T.

Proof. By induction on é with the help of Lemma 7.2 and
Lemma 7.3. (]

Corollary 7.5. Foran expressionT 4 e : TinA4, ifvcdpe
and ¢ y = pre 3 e y for any semantic environment y that
respects T, then there is a type derivationT;¢p ¢ é : {v: T | 9}
such thatTé8 =e.

Proof. By induction on é. ]

Theorem 7.6 (Soundness of pre and vc w.r.t. A typing rules).
For an expression T k4 e : T in A4, if vc (pre ¢ e) P e, then

there is a type derivation T; prep e -c é : {v: T | ¢} such that
ré-|B =e.

Proof. A direct consequence of Corollary 7.5. (]

8 Related Work, Future Work and
Conclusion

The literature on refinement types is very rich (for example,
[13, 16, 29, 30, 32], just to name a few); we find the work by
Lehmann and Tanter [15] most comparable. They define the
language and the logical formulae fully deeply in Coq, and
assumes an oracle which can answer the questions about
logical entailment. In our formalisation, we interpret the
language as shallow Agda terms, and the underlying logic
is Agda’s type system. Programmers serve as the oracle to
construct proof terms. Knowles and Flanagan [12]’s work
is also closely related. It develops a decidable type recon-
struction algorithm which preserves the typeability of a pro-
gram. Their type reconstruction is highly influenced by the
strongest postcondition predicate transformation found in
Hoare logic.

Admittedly, our attempt in formalising refinement type
systems is still in its infancy. We list a few directions for
future work:

Language features. The language that we study in this
paper is very preliminary. It does not yet support higher-
order functions. How to retain the close correspondence
between the refinement type system and Hoare-triple in
light of higher-order functions is still unclear to us. In our
formalisation, the typing judgement for function terms al-
ready breaks the triplet structure, requiring a predicate for
the typing context, one for the argument type and one for
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the result type. As we have alluded to in the paper, if a se-
mantic subtyping relation can be formulated, then we can
possibly allow for refinement over function types, i.e. bring
function types into the base type group. Otherwise, how to
accommodate the predicates for the argument and result
types of function objects in a Hoare-triple style formulation
deserves more investigation. General recursion is also miss-
ing from our formalisation. We surmise that recursion can
be handled analogously to how a WHILE-loop is dealt with
in Hoare logic, but fighting with Agda’s termination checker
can be a challenge. Hoare logic style reasoning turns out to
be instrumental in languages with side-effects and concur-
rency. How to extend the unifying paradigm to languages
with such features is also an open question.

Delaying proof obligations. As we have seen in the ex-
amples, constructing a typing tree for a program requires the
developer to fill in the holes with proof terms. The typecheck-
ing algorithm with pre and vc collects the proof obligations
along the typing tree. This is effectively deferring the proofs
to a later stage. It shares the same spirit of the Delay applica-
tive functor by O’Connor [23]. It is yet to be seen how it
can be applied in the construction of the typing trees in our
formalisation.

Compositionality. We said in Section 7 that the AC lan-
guage is still not fully compositional in the sense of [13]. The
interpretation function &[]y, is used in the definition of
pre, and that effectively leaks the behaviour of the program
to the reasoning thereof, penetrating the layer of abstraction
provided by types. We dealt with it for functions, and the
implementation details of the function and the argument
are hidden from the reasoning. We would like to further
extend the compositionality in reasoning to other language
constructs in future work.

Other program logics. Lastly, in our formalisation, we
use Hoare logic as the typing rules (or program logic). There
are other flavours of program logics, most notably the dual
of Hoare logic — Reverse Hoare Logic [5] and Incorrectness
Logic [26]. We are intrigued to see if we can mount these
logics onto our system, and how it interacts with a functional
language that is, say, impure or concurrent.

In this paper, we present a simple yet novel Agda formali-
sation of refinement types on a small functional language in
the style of Hoare logic. It provides a testbed for studying
the formal connections between refinement types and Hoare
logic. We believe our work is a valuable addition to the for-
mal investigation into refinement types, and we hope this
work will foster more research into machine-checked for-
malisations of refinement type systems, and the connection
with other logical frameworks, such as Hoare logic.
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